We show under mild hypotheses that a Quillen adjunction between stable model categories induces another Quillen adjunction between their left localizations, and we provide conditions under which the localized adjunction is a Quillen equivalence. Moreover, we show that in many cases the induced Quillen equivalence is symmetric monoidal. Using our results we construct a symmetric monoidal algebraic model for rational cofree G-spectra. In the process, we also show that L I 0 -complete modules provide an abelian model for derived I-complete modules.
Introduction
In this paper we investigate the interplay between adjoint pairs and localizations. In homotopy theory there are two versions of localizations available: the left and right Bousfield localization. The former is ubiquitous in chromatic stable homotopy theory, while the latter has seen interesting applications in the study of torsion objects in algebraic categories, see [23, §5] . Often in the literature the right Bousfield localization is called cellularization since it can be used to pick out localizing subcategories of interest.
We now give an informal overview of our results and refer to the main body of the paper for the precise statements.
The horizontal Quillen equivalence is the algebraic model for free G-spectra of Greenlees-Shipley [22] and the right vertical follows from Dwyer-Greenlees' Morita theory [15] together with [23, §5] . However this is unsatisfactory for two main reasons. Firstly, it cannot be refined to a symmetric monoidal Quillen equivalence since the category of I-power torsion modules has no tensor unit. Secondly, it does not give an abelian model as desired in the conjecture of Greenlees. In light of this, our contribution is threefold: we prove the algebraic model for rational cofree G-spectra directly, we upgrade it to a symmetric monoidal Quillen equivalence, and we give an abelian model for derived complete modules. In addition, we collect several results about homotopical aspects of algebraic completions which we believe will be of independent interest.
Although our strategy is analogous to that employed by Greenlees-Shipley in the study of free G-spectra, the tools we use differ. In particular, the Left Localization Principle which we develop is a new and key ingredient in our proof.
Outline of the paper. The paper is divided into two main parts. In the first part we give some necessary background on left Bousfield localizations and then state and prove the Left Localization Principle. We then investigate the implications in the case of homological localizations, which provide many key examples.
In the second part of the paper we focus on the applications of the Left Localization Principle. We apply the Left Localization Principle to understand completions of module categories and to construct a symmetric monoidal algebraic model for rational cofree G-spectra. We have decided to first construct the algebraic model for a connected compact Lie group and then show how to generalize our proofs to the non-connected case. In the final section, we construct a strongly convergent Adams spectral sequence to calculate homotopy classes of maps between cofree G-spectra.
Conventions. We shall follow the convention of writing the left adjoint above the right adjoint in an adjoint pair. We will use q : QX → X and r : X → RX to denote cofibrant and fibrant replacements of X respectively.
Part 1. The Left Localization Principle

Left Bousfield localization of model categories
In this section we recall some necessary background on left Bousfield localizations following [27] and [10] . Definition 2.1. Let C be a model category and let S be a collection of maps in C.
• An object W in C is S-local if it is fibrant in C and for every s : A → B in S, the natural map Map(B, W ) → Map(A, W ) is a weak equivalence of homotopy function complexes. • A map f : X → Y in C is an S-local equivalence if for every S-local object W , the natural map Map(Y, W ) → Map(X, W ) is a weak equivalence of homotopy function complexes.
Remark 2.2.
If the model category is stable, then the homotopy function complexes in the previous Definition can be replaced with the graded set of maps in the homotopy category, see [10, 4.5] .
In many cases, we can endow the model category C with a new model structure, the left Bousfield localization of C, in which the weak equivalences are the S-local equivalences, the cofibrations are unchanged, and the fibrant objects are the S-local objects. If it exists, we denote this model category by L S C. Hypothesis 2.3. Throughout this paper we assume that all the required left Bousfield localizations exist. The left Bousfield localization exists under mild conditions on the model category C. For example, when C is left proper, cellular and S is a set [27, 4.1.1] , or when C is left proper, combinatorial and S is a set [13, 4.7] . In particular, left Bousfield localizations (at sets of morphisms) exist for the stable model structure on spectra [32, 9.1] , the stable model structure on equivariant spectra for any compact Lie group [31, III.4.2] and the projective model structure on dg-modules [12, 3.3] .
Recall that a model category is symmetric monoidal if it is a closed symmetric monoidal category and it satisfies the pushout-product axiom: if f : A → B and g : X → Y are cofibrations, then the pushout-product map
is a cofibration, which is acyclic if either f or g is acyclic; and the unit axiom: the natural map Q1 ⊗ X → 1 ⊗ X ∼ = X is a weak equivalence for all cofibrant X. We denote the internal hom functor by F (−, −).
Definition 2.4. We say that a stable model category C is homotopically compactly generated by a set K of objects if its homotopy category hC is compactly generated by K:
• for all K ∈ K and collections {M i } of objects of C, the natural map hC(K, M i ) → hC(K, M i ) is an isomorphism;
• an object X of hC is trivial if and only if hC(Σ n K, X) = 0 for all K ∈ K and n ∈ Z.
Next we recall the definition of a monoidal Quillen adjunction from [39] . Definition 2.5. Let F : C ⇄ D : G be a Quillen adjunction between symmetric monoidal model categories.
(1) We say that (F, G) is a weak symmetric monoidal Quillen adjunction if the right adjoint G is lax monoidal (which gives the left adjoint F an oplax monoidal structure) and the following two conditions hold: (a) for cofibrant A and B in C, the oplax monoidal structure map φ :
(2) If the oplax monoidal structure maps φ and φ 0 are isomorphisms, then we say that (F, G) is a strong symmetric monoidal Quillen pair. (3) We say that the adjunction (F, G) is symmetric monoidal if it is a weak symmetric monoidal Quillen adjunction. (4) We say that the adjucntion (F, G) is a symmetric monoidal Quillen equivalence if it is a symmetric monoidal adjunction and a Quillen equivalence.
The Left Localization Principle
We are now ready to work towards the Left Localization Principle. Before we can prove an induced Quillen equivalence, we must check that the Quillen adjunction descends to the localizations. Recall that Q and R denote cofibrant and fibrant replacement respectively. (1) Let S be a stable set of morphisms in C. Then the adjunction
is a Quillen adjunction. Furthermore, it is a symmetric monoidal Quillen adjunction if F : C ⇄ D : G is a symmetric monoidal Quillen adjunction and S and F QS are monoidal. (2) Let T be a stable set of morphisms in D. Suppose that F sends GRT -equivalences between cofibrant objects to T -equivalences. Then the adjunction
is a Quillen adjunction. Furthermore, it is a symmetric monoidal Quillen adjunction if F : C ⇄ D : G is a symmetric monoidal Quillen adjunction and T and GRT are monoidal.
Proof. Let us prove (1). By Dugger [14, A.2] it is sufficient to check that G preserves fibrations between fibrant objects and all acyclic fibrations. The acyclic fibrations in a left Bousfield localization are the same as in the original model structure so G preserves them. Since fibrations between local objects in a left Bousfield localization are the same as original fibrations between local objects, it is sufficient to check that G sends
The claim about the monoidality follows from the fact that the cofibrations in a left Bousfield localization are the same as in the original category, and the local equivalences contain the original weak equivalences.
Let us now prove (2) . By Hirschhorn [27, 3.3.18] , to prove that L GRT C ⇄ L T D is a Quillen adjunction, it is sufficient to check that F sends GRT -equivalences between cofibrant objects to T -equivalences which was a hypothesis. The claim about monoidal structures is clear.
Remark 3.2.
We note that the hypothesis that F sends GRT -equivalences between cofibrant objects to T -equivalences in part (2) of the previous Proposition may seem hard to verify in practice. However, we show in Lemma 3.10 that in the case of homological localization, this hypothesis can be replaced by a condition which is much easier to verify.
Remark 3.3.
If S is monoidal, it often happens that F QS is also monoidal. Write I C and I D for the sets of generating cofibrations in C and D respectively. For instance, one can easily check that F QS is monoidal when (F, G) is a strong symmetric monoidal Quillen pair and I D ⊆ F (I C ), or, when (F, G) is a weak symmetric monoidal Quillen pair, the domains of I C are cofibrant and I D ⊆ F (I C ). Note that the condition that F (I C ) ⊆ I D is satisfied in the case when the model structure on D is right induced from C.
We can now state and prove the Left Localization Principle. We note that as the cofibrations are the same in the left Bousfield localization as in the original model structure, we continue to write Q for the cofibrant replacement in the localization. However, since being fibrant in the localization is a stronger condition than being fibrant in the original model structure, we write R for the fibrant replacement in the localization. (1) Suppose that C is homotopically compactly generated by a set K and that D is homotopically compactly generated by F QK. Let S be a stable set of morphisms in C. Suppose that the following conditions hold: (i) The derived unit map η K : QK → GRF QK is an S-equivalence for all K ∈ K;
(ii) G sends F QS-equivalences between fibrant objects in D to S-equivalences. Then the induced Quillen adjunction
G is a symmetric monoidal Quillen adjunction and S and F QS are monoidal, then F : L S C ⇄ L F QS D : G is a symmetric monoidal Quillen equivalence.
(2) Suppose that D is homotopically compactly generated by a set L and that C is homotopically compactly generated by GRL. Let T be a stable set of morphisms in D. Suppose that the following conditions hold:
(ii) G sends T -equivalences between fibrant objects in D to GRT -equivalences.
(iii) F sends GRT -equivalences between cofibrant objects to T -equivalences; Then the induced Quillen adjunction
G is a symmetric monoidal Quillen adjunction and T and GRT are monoidal, then F :
Proof. Let us prove (1) . Firstly we show that the derived functor GR preserves sums, so that the subcategories
are localizing. Let (X i ) i∈I be a collection of objects in hD. Using compactness we see that for all K ∈ K
Since K generates hC we conclude that GR preserves arbitrary sums.
By assumption (i), we know that K ⊂ A thus A = hC as K generates hC. Note that F Qη K is an F QSequivalence. Using the triangular identity of the derived adjunction F QK F QGRF QK RF QK F QηK r ǫF QK and 2-out-of-3, we obtain that F QK ∈ A ′ and hence A ′ = hD as F QK generates hD.
We must prove that η X : QX → GRF QX is an S-equivalence for all X ∈ hC and that ǫ Y : F QGRY → RY is an F QS-equivalence for all Y ∈ hD. Note that the canonical map GRF QX → GRF QX is an S-equivalence by condition (ii). Therefore the derived unit
is an S-equivalence. For the derived counit, note that the canonical map GRY → GRY is an S-equivalence and therefore F QGRY → F QGRY is an F QS-equivalence by Ken Brown's Lemma. By considering the diagram
The proof of part (2) is essentially the same. Note that condition (iii) comes into play only to ensure that the Quillen adjunction desceds to the localizations, see Proposition 3.1.
Remark 3.5.
Notice that the conditions in (1) imply that the derived functor F Q preserves all compact objects. Moreover, in the proof we showed that GR preserves sums so it also follows that under the conditions in (2) the derived functor GR preserves all compact objects.
We can now give a mixing of the Cellularization Principle and the Left Localization Principle. (1) Let S be a stable set of morphisms in C. Suppose that L S C is homotopically compactly generated by a set K and that L F QS D is homotopically compactly generated by F QK. If the derived unit map η K : QK → GRF QK is an S-equivalence for all K ∈ K then the induced Quillen adjunction
(2) Let T be a stable set of morphisms in D. Suppose that L T D is homotopically compactly generated by a set L and that L GRT C is homotopically compactly generated by GRL. Suppose that the derived counit ǫ L : F QGRL → RL is a T -equivalence for all L ∈ L and that F sends GRT -equivalences between cofibrant objects to T -equivalences. Then the induced Quillen adjunction We say that f :
Localizing at the E-equivalences produces a model structure on C in which the weak equivalences are the E-equivalences, the cofibrations are unchanged and the fibrant objects are the E-local objects. We call this new model category the homological localization of C at E and write L E C. Proof. Take two cofibrations i and j. Since the cofibrations in L E C are the same as in C, the pushout-product map i j is a cofibration since C satisfies the pushout-product axiom. Now suppose that i is an E-equivalence also. We have that E ⊗(i j) = (E ⊗i) (E ⊗j) since E ⊗− is a left adjoint. The functor E ⊗− is left Quillen since E is cofibrant, so E ⊗ i is an acyclic cofibration and E ⊗ j is a cofibration. Therefore, E ⊗ (i j) is a weak equivalence by the pushout-product axiom for C. In other words, i j is an E-equivalence as required. The unit axiom follows immediately from the unit axiom for C, since the cofibrations are the same in the left Bousfield localization as in the original model category. Proof. Let X → Y be a QGE ′ -equivalence between cofibrant objects. By Ken Brown's lemma,
in which the first horizontal maps are equivalences by definition of a symmetric monoidal Quillen pair, and the second horizontal maps are equivalences since ǫ E : F QGE ′ → E ′ is a weak equivalence and tensoring with a cofibrant object preserves weak equivalences between cofibrants by Ken Brown's lemma. Hence by two-out-of-three,
We can now combine this Lemma with the Left Localization Principle, to obtain our version for homological localizations. (1) Suppose that C is homotopically compactly generated by a set K and that D is homotopically compactly generated by F QK. Let E ∈ C be cofibrant. Suppose that the following conditions hold:
Then the induced Quillen adjunction
is a symmetric monoidal Quillen equivalence.
(2) Suppose that D is homotopically compactly generated by a set L and that C is homotopically compactly generated by GRL. Let E ′ ∈ D be bifibrant. Suppose that the following conditions hold:
We now give a mixing of the Left Localization Principle and the Cellularization Principle. Note that we again write R for a fibrant replacement in the Bousfield localization. (1) Let E be a cofibrant object of C. Suppose that L E C is homotopically compactly generated by a set K and that L F E D is homotopically compactly generated by F QK. If the derived unit map Qη K : K → GRF QK is an E-equivalence for all K ∈ K then the induced Quillen adjunction
(2) Let E ′ be a bifibrant object of D. Suppose that L E ′ D is homotopically compactly generated by a set L and that L QGE ′ C is homotopically compactly generated by GRL. Suppose that the derived counit ǫ L : F QGRL → RL is an E ′ -equivalence for all L ∈ L and that F QGRE ′ → RE ′ is a weak equivalence in D. Then the induced Quillen adjunction
Remark 3.13. Barnes-Roitzheim have compared left and right Bousfield localizations of stable model categories at dualizable objects [10, 9.6 ]. More precisely, they proved that the identity functors
is the dual functor and A is dualizable. Accordingly, in some cases the Left Localization Principle can be replaced by the Cellularization Principle and vice versa. However, there are some subtleties that need to be considered. Firstly, the two principles are "exchangeable" only if the functors interact well with taking duals and we localize at dualizable objects. This a big disadvantage for instance in global stable homotopy theory where almost no compact objects are dualizable. This was one of the main motivations of the authors to develop the Left Localization Principle. Secondly, the two principles have quite different behaviour when we take into account the symmetric monoidal structure. While the Left Localization Principle for homological localization automatically yields a monoidal Quillen equivalence, the Cellularization Principle requires strong conditions, in particular when passing cells along the right adjoint, see [9, 5.1.7] .
Remark 3.14. If we want to apply the Compactly Generated Localization Principle we need to know that the category of local objects is compactly generated. This holds for instance, when we localize at dualizable objects. More precisely, let C be a stable, symmetric monoidal model category, and let A be a dualizable object of C. It is not difficult to see that if C is homotopically compactly generated by a set K then the homological localization L A C is homotopically compactly generated by
Compactness follows from the fact that A ⊗ − : hL A C → hC preserves colimits, and the generation is an immediate consequence of the duality adjunction. For more details, see for instance [33, 2.27 ].
Completion of module categories
In this section we apply the Left Localization Principle to obtain symmetric monoidal Quillen equivalences relating a ring to its completion. We provide a general statement and then give several concrete examples of interest. Notation 4.1. Given a commutative monoid R in a symmetric monoidal model category C, we denote by Mod R (C) the category of R-modules equipped with the projective model structure (if it exists) in which the weak equivalences and fibrations are created by the forgetful functor Mod R (C) → C. If the underlying category is clear, we will often write Mod R .
Hypothesis 4.2.
Throughout this paper we assume that the projective model structure on Mod R (C) exists and that it is left proper, so that left Bousfield localizations exist. Note that the projective model structure exists if C satisfies the monoid axiom [38, 4.1] , and it is left proper in many cases: for instance in categories of (equivariant) spectra [32, 12.1(i)] and [31, III.7.6], and in dg-modules [12, 3.3] . 
between the categories of modules. Then the Left Localization Principle applies and gives a symmetric monoidal Quillen equivalence
Proof. The set R⊗K provides a set of compact generators for hMod R (C). The left adjoint is strong monoidal and maps compact generators to compact generators since
Without loss of generality we may now assume that K consists of cofibrant objects. As
Finally we must show that the right adjoint θ * preserves E-equivalences between fibrant objects. Note that there is a natural map
Example 4.4. Let Z p denote the p-adic integers and consider the ring map θ : Z → Z p which induces a symmetric monoidal Quillen adjunction between the categories of chain complexes
via extension and restriction of scalars. We can apply Proposition 4.3 to obtain a symmetric monoidal Quillen equivalence [20, 4.2] , we can identify the homotopy categories of the two localizations with the subcategories of the derived categories consisting of derived p-complete modules which we denote Λ Z/p Mod Z and Λ Z/p Mod Zp respectively. Putting everything together we get a tensor-triangulated equivalence
Example 4.5. Let G be a compact Lie group and F a family of subgroups of G. Note that the G-spectrum DEF + is a commutative ring G-spectrum via the diagonal map ∆ : EF + → EF + ∧ EF + . It is easy to check that DEF + is EF + -local and that the unit map η : S 0 → DEF + is a EF + -equivalence. We can then apply Proposition 4.3 to obtain a symmetric monoidal Quillen equivalence
Note that the proof of Proposition 4.3 works more generally for localizations at a set of maps, provided that the natural map θ : R → L S R is a map of commutative monoids. Example 4.6. Let G be the global family of compact Lie groups. Denote by Sp G the category of orthogonal spectra with the G-global model structure [37, 4.3.17] . By [37, 4.5.21, 4.5.22(ii) ], there exists a morphism of ultracommutative ring spectra i S : S → bS between the global sphere spectrum and the global Borel construction which exhibits bS as a localization of the global sphere spectrum at the class of non-equivariant equivalences. Note that the projective model structure on Mod bS (Sp G ) exists by [37, 4.3.29] and it is left proper by a similar argument as in [32, 12.1(i)] so that we can perform left Bousfield localizations. Following the proof of Proposition 4.3 and localizing at the class 1 of non-equivariant equivalences, we obtain a symmetric monoidal Quillen equivalence
We note that this is a symmetric monoidal Quillen equivalence using Remark 3.3, since the model structure on Mod bS (Sp G ) is right induced from the G-global model structure on Sp G . We emphasize that the localization is not homological as in global stable homotopy theory an analogue of the free G-space EG does not exist. Finally using the language of [37] we can identify the homotopy category of L 1 Sp G with the full subcategory of the global stable homotopy category consisting of those global spectra which are right induced from the trivial family.
Part 2. Rational cofree G-spectra
We give a symmetric monoidal algebraic model for the category of rational cofree G-spectra for G a compact Lie group, in the sense of [17] . We will initially prove the result for G connected and then show how to extend our proofs to any compact Lie group. In the final section we construct a strongly convergent Adams spectral sequence calculating homotopy classes of maps between cofree G-spectra.
The category of rational cofree G-spectra
From now on we will be working rationally. This means that all spectra are rationalized without comment and all homology and cohomology theories will be unreduced and with rational coefficients. Notation 5.1. Fix G a compact Lie group. We denote by Sp G the model category of rational orthogonal G-spectra with the rational G-stable model structure, which is a compactly generated, stable, symmetric monoidal model category, see [31, III.7.6] . We write ∧ for the tensor product and F (−, −) for the internal hom functor. We also write hSp G for its associated homotopy category.
is an isomorphism in the homotopy category. We denote by hSp cofree G the full subcategory of hSp G of cofree G-spectra.
Therefore, the collection of bifibrant objects in L EG+ Sp G is equivalent to the full subcategory of cofree G-spectra. The model category L EG+ Sp G is symmetric monoidal by Proposition 3.9.
Completions in algebra
We now recall some results about complete modules following [19] .
Let R be a graded commutative ring and let I be a finitely generated homogeneous ideal. The I-adic completion of a module M is defined by
We say that a module M is I-adically complete if the natural map M → M ∧ I is an isomorphism. A dg-module is said to be I-adically complete if its underlying graded module is.
Since the I-adic completion functor is neither left nor right exact in general, our approach is to consider the zeroth left derived functor L I 0 of I-adic completion as the 'correct' notion. Definition 6.1.
• We say that a module M is
We write Mod R for the category of dg-R-modules, and Mod ∧ R for the full subcategory of L I 0 -complete dgmodules. We denote the internal hom of R-modules by Hom R (−, −). Proof. The proofs of (a) and (b) can be found in [28, A.6(e), A.6(f)]. Their proofs depend only upon the fact that L I 0 is right exact and the existence of a long exact sequence of derived functors. Therefore, the restriction to local rings and regular ideals made in [28] does not affect the stated results. It follows from (b) that limits of L I 0 -complete modules are calculated in Mod R , and that colimits of L I 0 -complete modules are calculated by L I 0 -completion of the colimit in Mod R .
Proof. By taking a free presentation R J1 → R J0 → M → 0, we obtain an exact sequence
N which proves (a), since L I 0 -complete modules are closed under products and kernels. For (b) we follow the argument of Rezk [35, 6.2] . We first prove that the map
is an isomorphism. By adjunction, it is an isomorphism if and only if the induced map
This completes the proof of (b).
We will also be concerned with a homotopical version of completion that we shall now recall. For any x ∈ R, we define the unstable Koszul complex
and the stable Koszul complex
where the fibre is taken in the category of dg-modules. For an ideal I = (x 1 , . . . , x n ) we put
If no confusion is likely to arise, we suppress notation for the ideal and write K for the unstable Koszul complex and K ∞ for the stable Koszul complex. We will also write Hom R (−, −) for the derived internal hom functor. We say that a dg-module M is derived complete if the natural map M → Hom R (K ∞ , M ) =: Λ I M is a quasi-isomorphism. Then the nth local homology of M is defined to be H I n (M ) = H n (Λ I M ). Definition 6.4. Let I = (x 1 , . . . , x n ) be a finitely generated homogeneous ideal. For all s ∈ N and x ∈ R, we put
We say that I is generated by the weakly pro-regular sequence (x 1 . . . , x n ) if the inverse system (H k (K s (I))) s is pro-zero for all k = 0. That is, for each s ∈ N there is m ≥ s such that the natural map
is zero.
Note that if R is Noetherian then any finitely generated ideal is weakly pro-regular [34, 4.34] . Indeed this is true even when weakly pro-regular is replaced by pro-regular [19] . Theorem 6.5. Let R be a graded commutative ring and let I be a finitely generated homogeneous ideal that is generated by a weakly pro-regular sequence. Then for all dg-modules M , there is a natural quasi-isomorphism
commute. Moreover, taking homology on both sides we get
Proof. Greenlees-May proved that if R has bounded torsion and I is pro-regular then H I * M ∼ = L I * M , see [19, 2.5 ]. Schenzel [36, 1.1] proved the above result for ideals generated by weakly pro-regular sequences and bounded complexes with R bounded torsion. Finally, Porta-Shaul-Yekutieli [34, 5.25] removed the hypothesis that R has bounded torsion and extended the result to unbounded complexes.
As an application, we prove the following result which we will use in the construction of an Adams spectral sequence, see Theorem 10.6. Proposition 6.6. Let R be a graded commutative ring and let I be a finitely generated homogeneous ideal that is generated by a weakly pro-regular sequence. Proof. Let P (i) • be a projective resolution of M i in R-modules. We have that L I n (⊕M i ) = H n (L I 0 (⊕P i )) ∼ = H n (⊕P i ) where the isomorphism follows from Proposition 6.6. Since direct sums are exact, this is isomorphic to L I n M i which is zero for all n ≥ 1 by [19, 4.1].
An abelian model for derived completion
In this section we show that the category of L I 0 -complete modules forms an abelian model for derived complete modules, see Theorem 7.10. Our result can be thought as "dual" to the fact that I-power torsion modules forms an abelian model for derived torsion modules [23, §5] . We will be working under the following: Hypothesis 7.1. We will assume our ideal I to be generated by a weakly pro-regular sequence.
We start off with the following result. 
where ΛMod R denotes the full subcategory of the derived category of dg-modules consisting of the derived complete dg-modules.
Recall that a dg-module M is said to be dg-projective if Hom R (P, −) preserves surjective quasi-isomorphisms. It is important to note that any dg-projective module is (graded) projective, but the converse is not generally true, see [3, 9.6 .1].
Proof. This is the trivial case of Theorem 6.5.
Recall that the category of dg-modules Mod R has a projective model structure in which the weak equivalences are the quasi-isomorphisms, the fibrations are the epimorphisms and the cofibrations are the monomorphisms which have dg-projective cokernel and are split on the underlying graded modules, see [12, 3.3] 
Proof. The only parts that need elaboration are the factorization axiom and the lifting axiom. Firstly we prove the factorization axiom.
commute. Note that since L I 0 is right exact and hence preserves surjections, as q ∼ = L I 0 p we have that q is a fibration.
If p is acyclic, Lemma 7.4(a) shows that the factorization f = q(αi) is a factorization into a cofibration followed by an acylic fibration.
If i is acyclic, then Lemma 7.4(b) shows that i is an acyclic cofibration in Mod ∧ R . Since H * D ∼ = H * M , we have by Lemma 7.4(c) that α is a quasi-isomorphism. Also, since iα ∼ = L I 0 (i), iα is a cofibration in Mod ∧ R by Lemma 7.4(a). This completes the proof of the factorization axiom.
For the lifting axiom, we note that one part is by definition. For the other part, we use the standard method of the retract argument. Consider the square
in which i is an acyclic cofibration and f is a fibration. Factor i as an acyclic cofibration followed by a fibration to give A j − → C p − → B. Since j is an acyclic cofibration, there is a lift g : C → X. As i and j are weak equivalences, p is an acyclic fibration. Since i is a cofibration, it has the left lifting property with respect to acyclic fibrations, and so there exists a lift h : B → C. Therefore gh : B → X gives the required lift in the square.
It is clear that the adjunction is Quillen by the definition of the weak equivalences and fibrations. Remark 7.6. One might first think of attempting to prove the existence of this model structure via right inducing it from Mod R . However, in order to be able to do this, we need to know that the inclusion i : Mod ∧ R → Mod R preserves filtered colimits. This is false; take R = Z and I = (p) and consider the direct system Proof. The category of L I 0 -complete modules is closed symmetric monoidal with tensor product given by L I 0 (M ⊗ N ); see Proposition 6.3. Let A → B and M → N be cofibrations in Mod ∧ R . Since L I 0 preserves colimits as it is a left adjoint, we have that the pushout product is
Since Mod R is a symmetric monoidal model category and L I 0 is left Quillen, the pushout product map is a cofibration. A similar proof shows that the pushout product of a cofibration with an acyclic cofibration is an acyclic cofibration. The unit axiom is immediate since the unit in Mod
We can now relate the model category of L I 0 -complete modules to derived complete modules. We will use this in the construction of an algebraic model for cofree G-spectra to show that cofree G-spectra have an abelian model in terms of L I 0 -complete modules.
Lemma 7.8. There is a symmetric monoidal Quillen adjunction
Proof. The cofibrations in L K Mod R are the same as the cofibrations in Mod R so they are preserved since
Quillen. Now suppose that f : M → N is an acyclic cofibration in L K (Mod R ) so that the cokernel C is dg-projective. In particular, K ⊗ C and Hom R (K, C) are acyclic as K is self-dual up to suspension. We also know that K ∞ is built from K so Λ I C = Hom R (K ∞ , C) is acyclic as well. By Lemma 7.3, we have Λ I C ≃ L I 0 C and so L I 0 M → L I 0 N is a quasi-isomorphism. This is a symmetric monoidal Quillen adjunction since L I 0 is strong monoidal by Lemma 6.2, and the unit in L K (Mod R ) is cofibrant.
Before we can prove that the above Quillen adjunction is actually a Quillen equivalence, we need the following:
Proof. There is a fibre sequence K ∞ → R →ČR whereČR = Σker(K ∞ → R) is the Čech complex. This gives rise to another fibre sequence
for any dg-module N . Now let I = (x 1 , . . . , x n ). Note thatČR is finitely built from R[ 1 xi ] and that the multiplication map x i : K → K is null-homotopic. Thus Hom R (ČR, K ⊗ M ) ≃ 0 and K ⊗ M is derived complete.
We can now prove that L I 0 -complete modules are a model for derived complete modules.
Theorem 7.10. There is a symmetric monoidal Quillen equivalence
Proof. We now show that this Quillen adjunction is in fact a Quillen equivalence. Let P be cofibrant (i.e., dg-projective) in L K (Mod R ) and M be fibrant in the category of L I 0 -complete R-modules. We must show that
as P is projective. Hence K ⊗ L I 0 P ≃ K ⊗ P by Lemma 7.9. We conclude that K ⊗ P → K ⊗ M is a quasi-isomorphism as required.
Conversely, if K ⊗ P → K ⊗ M is a quasi-isomorphism then Hom R (K, P ) → Hom R (K, M ) is too since K is self-dual up to suspension. Since K ∞ is built from K, we also deduce Hom R (K ∞ , P ) → Hom R (K ∞ , M ) is a quasi-isomorphism. It follows that Λ I P → Λ I M is a quasi-isomorphism. By Lemma 7.3, we have
As a consequence we obtain the following corollary which extends [15, 6.15 ] to non-Noetherian rings.
Corollary 7.11. A dg-module M is derived complete if and only if its homology H
Proof. Let M be derived complete. By Theorem 7.10, M is quasi-isomorphic to its L I 0 -completion L I 0 M . As the homology of an L I 0 -complete object is still L I 0 -complete by Lemma 6.2, we deduce that M has L I 0complete homology. Conversely, suppose that M is a module with L I 0 -complete homology. The spectral sequence [20, 3.3] 
The symmetric monoidal equivalence: connected case
In this section we fix a connected compact Lie group G. We aim to find an algebraic model for the category of rational cofree G-spectra. There are several steps needed. Recall that our model for cofree G-spectra is the homological localization L EG+ Sp G .
Step 1. Any cofree G-spectrum is naturally a module over F (EG + , EG + ) which is equivalent to the complex orientable commutative ring G-spectrum DEG + = F (EG + , S 0 ). Restriction and extension of scalars along the unit map S 0 → DEG + induces a symmetric monoidal Quillen adjunction
between the localizations, since DEG + ∧ EG + ≃ EG + . By the Left Localization Principle this is a symmetric monoidal Quillen equivalence, since the unit is an EG + -equivalence and U preserves non-equivariant equivalences.
Remark 8.1. This is a special case of Proposition 4.3 and Example 4.5.
Step 2. We can now take categorical fixed points to remove equivariance. As a functor from G-spectra to non-equivariant spectra, the categorical fixed points is right adjoint to the inflation functor. Using [39, §3.3] we have a symmetric monoidal Quillen adjunction (−) G : Mod DEG+ ⇆ Mod DBG+ : DEG + ⊗ DBG+ − between the categories of modules. Note that we suppress notation for the inflation functor. A more detailed discussion of this adjunction can be found in [25] .
Since G is connected, DEG + generates Mod DEG+ by [18, 3.1] and so the counit is an equivalence on all objects as it is an equivalence on DEG + . By [18, 3.3] , the fixed points functor sends non-equivariant equivalences to BG + -equivalences, so the Left Localization Principle applies and we get a symmetric monoidal Quillen equivalence
Step 3. We now apply Shipley's theorem [42, 2.15] which gives a symmetric monoidal Quillen equivalence
where ΘDBG + is a commutative dga with the property that H * (ΘDBG + ) = π * (DBG + ) = H * BG. It follows that there is a symmetric monoidal Quillen equivalence
where H * (ΘBG + ) ∼ = π * (BG + ) ∼ = H * BG.
Step 4. Since H * BG is a polynomial ring it is strongly intrinsically formal as a commutative dga. In other words, for any commutative dga R with H * R ∼ = H * BG, there is a quasi-isomorphism H * BG → R. Therefore, taking cycle representatives we have a quasi-isomorphism z : H * BG → ΘDBG + . We also need the following result to identify ΘBG + .
Lemma 8.2.
There is a natural weak equivalence ΘBG + → H * BG.
Proof. Write (−) ∨ = Hom Q (−, Q) and note that it is exact. There is a canonical map ΘBG + → (ΘBG + ) ∨∨ which is a quasi-isomorphism since the homotopy groups of BG + are degreewise finite. There is a natural map ΘDBG + → (ΘBG + ) ∨ obtained as the transpose of the natural composite
Since Θ gives a symmetric monoidal equivalence of homotopy categories, the natural map ΘDBG + → (ΘBG + ) ∨ is a weak equivalence.
Since DBG + is a commutative HQ-algebra, ΘDBG + is a commutative dga by [42, 1.2] . As H * BG is strongly intrinsically formal as a commutative dga, there exists a quasi-isomorphism H * BG → ΘDBG + . Putting all this together, we have quasi-isomorphisms
Extension and restriction of scalars along the map z :
is a symmetric monoidal Quillen equivalence since chain complexes satisfies Quillen invariance of modules. Therefore we have a symmetric monoidal Quillen equivalence
Step 5. It remains to internalize the localization. Let I the augmentation ideal of H * BG and let K denote its unstable Koszul complex. and applying Hom Q (−, Q) gives the cofibre sequence
Since K(x 1 ) is self-dual up to suspension, this shows that K(x 1 ) is finitely built from H * BG. A repeated argument using the cofibre sequence Σ |xi| K i−1 → K i−1 → K i where K i = K(x 1 , ..., x i ) and K 0 = H * BG shows that K is finitely built from H * BG.
Conversely, since H * BG is torsion it is built by K as K generates torsion modules [22, 8.7] .
Therefore, a map is a H * BG-equivalence if and only if it is a K-equivalence. It follows that
Combining all the statements of this section with Theorem 7.10 gives the following result. 
between rational cofree G-spectra and L I 0 -complete dg-H * BG-modules. In particular, there is a tensortriangulated equivalence cofree G-spectra ≃ △ D(L I 0 -complete H * BG-modules).
The symmetric monoidal equivalence: non-connected case
In this section we extend the algebraic model for cofree G-spectra to any compact Lie group. The blueprint is the same as for the connected case, however some extra care is required which arises from taking categorical fixed points. We fix a compact Lie group G with identity component N and component group W = G/N , and write r for the rank of G.
9.1. Skewed Model Categories. We recall some results about model categories with a (skewed) action of a finite group W from [29, §5.2] and [5, §7] . For any cofibrantly generated model category C, we denote by C[W ] = Fun(BW, C) the category of objects of C with a W -action. We endow C[W ] with the projective model structure where the weak equivalence and fibrations are created by the forgetful functor C[W ] → C. We will need the following result: More generally, we can consider the category EW with objects the elements of W and a unique morphism connecting each pair of objects. Let C be a category with a W -action, that is, with functors w * : C → C for each w ∈ W satisfying (ww ′ ) * = w * w ′ * and e * = 1. The category of objects of C with a skewed W -action is the category of equivariant functors EW → C and equivariant natural transformations, which we denote by C[ W ]. Note that if the W -action on C is trivial, then C[ W ] is equivalent to C[W ]. We say that an adjunction between categories with a W -action is a W -adjunction if both the functors are W -equivariant and the unit and counit are W -equivariant natural transformations. We say that a model category C with a W -action is skewable if w * : C → C is left Quillen for each w ∈ W . Note that w * : C → C is left adjoint to w −1 * , so equivalently, we could ask for w * to be right Quillen for all w ∈ W . 
We now turn to define a suitable notion of L I 0 -completion for a module over the skewed ring. 
where we set D BN + = (DEG + ) N . Then for all DEG + -modules Y , the counit map
Proof. A map of G-spectra is an E[⊆ N ] + -equivalence if and only if its restriction to N -spectra is a weak equivalence. Therefore, it is sufficient to check that 
between rational cofree G-spectra and L I 0 -complete dg-H * BN [W ]-modules. In particular, there is a tensortriangulated equivalence
Proof. We will prove the theorem using the Compactly Generated Localization Principle 3.12. To have a better control on the compact generators of the localized categories, it is convenient to change our model for cofree G-spectra. Thus we note that L EG+ Sp G = L G+ Sp G since the EG + -equivalences are the same as the G + -equivalences. Using Proposition 4.3 we have a symmetric monoidal Quillen equivalence L G+ (Sp G ) ≃ Q L G+ (Mod DEG+ ).
Taking categorical G-fixed points loses too much information since Mod DEG+ is no longer generated by DEG + . Instead we slightly modify the model structure and then take N -fixed points. Define a family
There is a symmetric monoidal Quillen equivalence
We now take categorical N -fixed points to remove equivariance. We use the tilde in D BN + = (DEG + ) N to emphasize that it may have a non-trivial W -action. We apply the Compactly Generated Localization Principle to the symmetric monoidal Quillen adjunction
to obtain a symmetric monoidal Quillen equivalence after localization. There are several conditions that need to be checked. Firstly, we claim that L G+ L E[⊆N ]+ Mod DEG+ is compactly generated by DG + ≃ DG + ∧ DEG + . It is clear that it generates so we only show that it is compact. By definition of sum in the localized category, we have to show that
where Y i is cofree for all i. This is now clear since DG + is small and DG + ∧ EG + ≃ DG + . We also claim that (DG + ) N ≃ W + compactly generates L W+ Mod D BN+ (Sp W ). Since W + has a trivial D BN + -action, it builds D BN + ∧ W + in Mod D BN + and hence it generates L W+ Mod D BN+ (Sp W ). It is also compact by a similar argument to 1. By the Compactly Generated Localization Principle it remains to check that the derived counit is a G + -equivalence on DG + , and that the derived counit is an E[⊆ N ] + -equivalence for G + . These are true by the Eilenberg-Moore Lemma. Hence we have a symmetric monoidal Quillen equivalence
There exists a symmetric monoidal Quillen adjunction Sp W ⇄ L EW+ Sp W which induces a symmetric monoidal Quillen adjunction of module categories
We apply the Left Localization Principle to obtain a symmetric monoidal Quillen equivalence
since the canonical map X → F (EW + , X) is a W -equivalence for all module spectra X.
We can rewrite the target category as L W+ Mod D BN + (Sp[W ]) and apply Shipley's theorem [42] to obtain a symmetric monoidal Quillen equivalence
Finally we use formality [24, §7] Finally, using Lemma 9.2 and Theorem 7.10, we conclude that there is a symmetric monoidal Quillen equivalence
. Remark 9.7. Our proof bridges a gap in [24] . In the cited paper it is stated that there is a Quillen equivalence
obtained by the Cellularization Principle. The claim as it is stated it is not correct. Indeed, if we want to apply the Cellularization Principle we need to check that the counit DEG + ⊗ D BN + (G + ) N → G + is a weak equivalence of G-spectra, which in general is false. Nonetheless, we can modify the argument as follows. Firstly there is a Quillen equivalence
We note that the localization Cell G+ L E[⊆N ]+ Mod DEG+ exists, since left Bousfield localizations of right proper, stable model categories are right proper by [10, 4.7] . We can then apply the Cellularization Principle to the Quillen adjunction
and the Eilenberg-Moore Lemma to show that this is a Quillen equivalence after cellularization.
Adams spectral sequence
In this section, we construct an Adams spectral sequence for cofree G-spectra. It provides a tool for calculating the space of maps between two cofree G-spectra in terms of L I 0 -complete modules, and furthermore gives intuition for the Quillen equivalence given in the previous section.
We describe the construction of an Adams spectral sequence based on projective resolutions as in [2] .
Let T be a triangulated category and let A be a Z-graded abelian category with enough projectives. Note that T (X, Y ) is a Z-graded abelian group via T (X, Y ) n = T (Σ n X, Y ). Assume that we are given a Z-graded exact functor π A * : T → A. We aim to construct a conditionally convergent Adams-type spectral sequence
We list the steps needed.
Step 0: Choose a projective resolution of π A * (X) in A 0 ← π A * (X) ← P 0 ← P 1 ← P 2 ← . . . .
Step 1: Realize the projectives, i.e., find P j ∈ T so that π A * (P j ) = P j . Step 2: Let X ∈ T and P j as above. Show that the functor π A * induces an isomorphism
Step 3: Using Step 0 and Step 1, we can formally produce a tower
Step 4: Apply T (−, Y ) to get a spectral sequence with E 1 -page: E s, * 1 = T (P s , Y ) = Hom A (P s , π A * (Y )). By construction, we will have a conditionally convergent spectral sequence E * , * 2 = Ext * , * A (π A * (X), π A * (Y )) ⇒ T (X, Y ) * where X is the fibre of the canonical map X → hocolim s X s .
Step 5: Show that hocolim s X s = 0. We apply the recipe above in the following setting. Fix a compact Lie group G with identity component N and component group W , and fix I to be the augmentation ideal of H * BN . We consider the abelian category Mod ∧
of graded L I 0 -complete modules over the skewed group ring H * BN [W ], and the homotopy category of rational cofree G-spectra. Before we give the exact functor, we need a preliminary result.
Remark 10.1. We recall a spectral sequence relating local homology to equivariant homotopy groups, see [21] . Let R be a ring G-spectrum and M an R-module. For J = (x 1 , ..., x r ) a finitely generated ideal in
is the Koszul spectrum. Then there is a convergent spectral sequence E * , * 2 = L J * (π G * R; π G * M ) =⇒ π G * (M ∧ J ). In the special case that R has Thom isomorphisms and J is the augmentation ideal of π G * R, there is an equivalence M ∧ J ∼ − → F (EG + , M ) by [21, 2.5] .
Proof. For any DEN + -module M , there is a convergent spectral sequence E * , * 2 = L I * (H * BN ; π N * M ) =⇒ π N * (F (EG + , M )) by Remark 10.1. If in addition M is cofree, we also have that M ∧ I ≃ M . Now let X be a cofree G-spectrum. The discussion above tells us that we have a convergent spectral sequence E * , * 2 = L I * (H * BN ; π N * X) =⇒ π N * X. Since the E 2 -page of the spectral sequence consists of L I 0 -complete modules by [19, 4.1] , and the kernel and cokernel of a map of L I 0 -complete modules is L I 0 -complete, we have that π N * X is L I 0 -complete. Finally, note that W acts on π N * (X) by conjugation, making it naturally a module over H * BN [W ].
Therefore we may use the exact functor π N * : hSp cofree
for the construction of the Adams spectral sequence. has enough projectives. Moreover, the projectives are realized, that is
Proof. Using that L I 0 is right exact and left adjoint to the inclusion, we see that L I 0 ( Σ ni H * BN )[W ] is projective in Mod ∧ H * BN [W ] and that there are enough projectives. It is left to show that the projectives are realized. Note that π N * (F (EG + , Σ ni S 0 ) ∧ W + ) ∼ = π N * (F (EG + , Σ ni S 0 ))[W ] so it is enough to show that π N * (F (EN + , Σ ni S 0 ) ∼ = L I 0 (⊕Σ ni H * BN ). By isotropy separation, We also need to realize the maps. Proof. We apply the change of groups adjunctions on both sides to reduce to showing that π N * : [F (EN + , Σ ni S 0 ), Y ] N * ∼ = − → Hom H * BN (⊕Σ ni H * BN, π N * (Y )). Since there is a weak equivalence EN + ∧ X ∼ − → EN + ∧ F (EN + , X) for any X, we see that
Accordingly, it is enough to show that π N * : [DEN + , Y ] N * ∼ = − → Hom H * BN (H * BN, π N * (Y )) for all Y cofree N -spectra. We show that both sides are homology theories on cofree N -spectra, taking values in L I 0 -complete H * BN -modules. In other words, we show that they are exact and satisfy the wedge axiom. Exactness follows from the fact that π N * sends triangles of cofree N -spectra to long exact sequences of L I 0 -complete modules by Lemma 10.2. We now turn to the wedge axiom. By definition of coproducts in the categories of cofree spectra and L I 0 -complete modules, we need to show that L I 0 (⊕π N * X i ) ∼ = π N * (F (EG + , X i )) for X i cofree N -spectra. By Remark 10.1 there is a convergent spectral sequence L I * (⊕π N * X i ) =⇒ π N * (F (EG + , X i )). This spectral sequence collapses by Corollary 6.7 and Lemma 10.2, which proves the wedge axiom.
As both the left and right hand sides are homology theories on the homotopy category of cofree N -spectra, it is enough to show that the natural transformation π N * induces an isomorphism for the compact generator Y = DN + . It is easy to see that both homology theories evaluated at DN + give Q. Thus we only have to argue that the natural transformation π N * is non-zero. Observe that a nontrivial N -equivariant map f : DEN + → DN + corresponds to a nontrivial N -equivariant map f : N + → EN + which gives a map f /N + : S 0 → BN + which is nontrivial in reduced H 0 . It remains to note that for a free N -spectrum we have π N * (X) = H * (X/N ) up to an integer shift.
Since π N * maps homotopy direct limits to direct limits, it is left to show the following: Lemma 10.5 (Step 5) . Let X be a cofree G-spectrum with π N * (X) = 0. Then X ≃ 0.
Proof. We first prove the claim for the connected case and then we show how to extend it to all compact Lie groups. Note that there is an equivalence EN + ≃ EN + ∧ DEN + so that EN + ∈ Mod DEN+ . We claim that N + ∈ Loc(EN + ); that is N + is in the localizing subcategory generated by EN + . Note that DN + is cofree and hence a DEN + -module. Since DEN + generates the category Mod DEN+ by [18, 3.1], we get that DN + ∈ Loc Mod DEN + (DEN + ). Since the forgetful functor Mod DEN+ → Sp N and EN + ∧ − : Sp N → Sp N preserve colimits we get EN + ∧ DN + ∈ Loc(EN + ∧ DEN + ). By the Wirthmüller Isomorphism, we see that DN + ≃ Σ −d N + where d is the dimension of N . Putting all this together, N + ∈ Loc(EN + ) as required.
Let us now prove that for a cofree N -spectrum X with π N * (X) = 0, then π * (X) = 0 and hence X ≃ 0. By hypothesis, we have 0 = π N * (X) = [EN + , X] N . By a localizing subcategory argument we get π * (X) = [N + , X] N = 0 as required. Finally, let G be any compact Lie group and let X be a cofree G-spectrum with π N * (X) = 0. By the previous paragraph, we know that X is N -equivariantly contractible, that is F (W + , X) ≃ 0 and hence F (EW + , X) ≃ 0. Therefore X ≃ F ( EW, X) ≃ F ( EW ∧ EG + , X) ≃ 0 since X is cofree.
Finally, we have our Adams spectral sequence: Theorem 10.6. For X and Y cofree G-spectra, there is a strongly convergent Adams spectral sequence E * , * 2 = Ext * , * H * BN [W ] (π N * X, π N * Y ) =⇒ [X, Y ] G * .
Proof. Combining the results of this section with Proposition 6.6, we have constructed a conditionally convergent spectral sequence as above. Note that H * BN [W ] has global homological dimension smaller or equal to r = rank(N ) since the projectives are induced from the category of H * BN -modules, see Lemma 10.3. It follows that the spectral sequence is concentrated in rows 0 to r, and hence is strongly convergent.
